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Time-reversal invariant (TRI) Dirac and Weyl semimetals in three dimensions (3D) can host open Fermi arcs
and spin-momentum locking Fermi loops on the surfaces. We find that when they become superconducting with
s-wave pairing and the doping is lower than a critical level, straight pi-flux vortex lines terminating at surfaces
with Fermi arcs or spin-momentum locking Fermi loops can realize 1D topological superconductivity and harbor
Majorana zero modes at their ends. Remarkably, we find that the vortex-generation-associated Zeeman field can
open (when the surfaces have only Fermi arcs) or enhance the topological gap protecting Majorana zero modes,
which is contrary to the situation in superconducting topological insulators. By studying the tilting effect of
bulk Dirac and Weyl cones, we further find that type-I Dirac and Weyl semimetals in general have a much
broader topological regime than type-II ones. Our findings build up a connection between TRI Dirac and Weyl
semimetals and Majorana zero modes in vortices.
Majorana zero modes (MZMs) localised in the vor-
tices of the superconducting order parameter have been ac-
tively sought after for more than a decade[1–8]. Orig-
inally, they were predicted to exist in 2D chiral p-wave
superconductors[9], but the scarcity of such superconductors
in nature compels the community to look for other possi-
ble candidates. A breakthrough comes with the realization
that when the spin-momentum locking Dirac surface states
of 3D topological insulators (TIs) are gapped by s-wave su-
perconductivity, a pi-flux vortex carries a single MZM at its
core[10]. Since then, TIs with either proximity-induced or
intrinsic superconductivity are strongly desired for the real-
ization of MZMs in experiment[11–20]. Remarkably, the nor-
mal state of several iron-based superconductors has recently
been found to carry an inverted band structure and thus Dirac
surface states[21–23]. In superconducting states, zero-bias
peaks, as well as several other ordered discrete peaks, are
clearly observed in scanning tunnelling spectroscopy of these
materials when the tip moves close to the vortex core[24–30],
thus providing strong experimental evidences for the existence
of MZMs in the vortices of these superconductors.
In efforts to broaden the scope of materials that can host
MZMs in vortices, the question of whether the bulk mate-
rial needs to be insulating has been naturally raised[31–36].
The finding that the MZMs survive even in the doped TI with
metallic normal states[31] has motivated us to examine the
possibility of MZMs appearing in the recently discovered 3D
Dirac and Weyl semimetals[37–49], though their bulk and
boundary physics display remarkable difference compared
with TIs[50, 51]. With respect to the bulk, the energy bands
of Dirac and Weyl semimetals touch at some isolated points
(the so-called Dirac and Weyl points) away from which the
dispersions are distinct from those of conventional quasipar-
ticles in metals and are responsible for some novel transport
properties[52–54]. On the boundary, a hallmark is the exis-
tence of open Fermi arcs which connect the projections of the
bulk Dirac and Weyl points[47, 48]. Such Fermi arcs have
attracted great research interest as they can result in many re-
markable phenomena[55–58].
Intriguingly, when time-reversal symmetry is preserved,
spin-momentum locking Fermi loops (abbreviated as “Fermi
loops” below), a manifestation of Dirac surface states, can co-
exist with the Fermi arcs on the surfaces of Dirac and Weyl
semimetals[59–62]. With this observation and the scenario in
doped TIs in mind, we study pi-flux vortex lines terminating
at such surfaces and do find the existence of MZMs at the vor-
tex ends below a critical doping level. Strikingly, we find that
the topological gap of the vortex line protecting MZMs in su-
perconducting Dirac and Weyl semimetals can be profoundly
enhanced by the vortex-generation-associated Zeeman field,
which is contrary to the situation in superconducting TIs. Im-
portantly, we also find that the Zeeman field can lead to the
realization of vortex-end MZMs even when the surfaces have
only Fermi arcs, indicating the generality of the underlying
physics. In addition, we find that the vortex lines in type-I
Dirac and Weyl semimetals have a much broader topological
regime than those in the type-II ones.
Fermi arcs and Fermi loops.— We begin with the normal
state Hamiltonian, which reads[63]
H0(k) = ε(k) + (m− t cos kx − t cos ky − t3 cos kz)σz
+t′ sin kxσxsz + t′3 sin kz(cos kx − cos ky)σxsx
−t′ sin kyσy + 2t′3 sin kz sin kx sin kyσxsy + δσysz(1)
in the basis Ψ†k = (c
†
1,↑,k, c
†
2,↑,k, c
†
1,↓,k, c
†
2,↓,k), where the
Pauli matrices σi and si with i = {x, y, z} act in the or-
bit and spin spaces respectively. For notational simplicity,
identity matrices σ0 and s0 are made implicit and the lattice
constant is set to unit throughout the whole work. ε(k) is a
term characterizing the asymmetry of conduction and valence
bands. In this work, we take ε(k) = 0 for simplicity unless
otherwise specified. When δ = 0, H0(k) has time-reversal
symmetry, inversion symmetry and C4z-rotational symme-
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2try. These symmetries stabilize Dirac points on rotational-
symmetry axes. A finite δ breaks the inversion symmetry and
consequently splits a Dirac point into two Weyl points with
opposite chirality, as illustrated in Fig.1(a).
While the two t′3-terms are often ignored in the study of
Dirac and Weyl semimetals, they are in fact ubiquitous in real
materials as they are allowed by symmetry[59, 61]. Although
they do not (or weakly) affect the linear dispersion near the
Dirac (or Weyl) points, they do have a strong impact on the
boundary modes. To see this, we examine the system occu-
pying the region 0 ≤ x ≤ L (L assumed to be very large)
and use the edge theory to obtain the low-energy Hamiltoni-
ans describing the boundary modes on the x = 0 and x = L
surfaces[64]. By considering that the band inversion occurs
at the Γ point, we find that they are respectively given by
(derivation details are provided in the Supplemental Material
(SM)[65])
HS;0(ky, kz) = −δ + vykysz + vz(ky, kz)kzsy,
HS;L(ky, kz) = δ − vykysz − vz(ky, kz)kzsy, (2)
where vy = t′, vz(ky, kz) = −t′3(m˜ + tk2y + t3k2z/2)/t,
m˜ = m − 2t − t3, and the boundary modes exist within the
regime tk2y/2+t3k
2
z/2 < −m˜. In the absence of the t′3-terms,
i.e., t′3 = 0, it is readily found that vz(ky, kz) = 0 and each
Hamiltonian in Eq.(2) describes a pair of 1D helical modes
reminiscent of 2D TIs. However, once t′3 6= 0, each Hamil-
tonian in Eq.(2) describes a 2D Dirac cone at Γ¯ = (0, 0) in
the leading order, which is reminiscent of 3D TIs. Moreover,
one can see that the δ term only induces an energy shift of
the Dirac cones. The above analyses show that Dirac surface
states exist not only in TIs, but also in TRI Dirac and Weyl
semimetals.
In Figs.1(b)(c)(d), we present the constant-energy contours
of surface states (CECSS) for various choices of t′3 and δ. Ac-
cording to Eq.(2), the CECSS at energy Es are determined
by ±δ ±
√
v2yk
2
y + v
2
z(ky, kz)k
2
z = Es under the constraint
tk2y/2+t3k
2
z/2 < −m˜. Fig.1(b) shows that when t′3 = δ = 0,
the CECSS on the x = 0 surface are two open Fermi arcs
whose spin textures are opposite due to time-reversal symme-
try. It is worth pointing out that for the Dirac semimetal, i.e.,
δ = 0, Eq.(2) indicates that the CECSS on the x = 0 and
x = L surface coincide and display opposite spin textures, so
we only present the results on the x = 0 surface for clarity.
Fig.1(c) shows that when t′3 6= 0, δ = 0, the CECSS on the
x = 0 surface contains two open Fermi arcs and one Fermi
loop. As one Dirac point is equivalent to two Weyl points
with opposite chirality, one can see that the open Fermi arcs
in Fig.1(c) begin and end at the same projection of bulk Fermi
surfaces. When δ becomes nonzero, the CECSS on the x = 0
and x = L surfaces no longer coincide. Fig.1(d) shows that
while two Fermi arcs and one Fermi loop coexist on the x = L
surface, the x = 0 surface only contains two Fermi arcs.
Vortex bound states in superconducting Dirac and Weyl
semimetals.— Two groups have recently found that a pi-flux
vortex line parallel to the rotational-symmetry axis in super-
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FIG. 1. (a) A schematic diagram of Dirac and Weyl points in Bril-
louin zone. The filled dots on the kz axis represent Dirac points.
Breaking inversion symmetry splits the two Dirac points into four
Weyl points (the four unfilled dots, the red and blue colors rep-
resent opposite chirality). In (b)(c)(d), the red lines represent the
constant-energy contours of surface states at energy Es = 0.1, the
blue lines represent the projection of bulk Fermi surfaces at Fermi
energy EF = Es in the ky-kz plane, and the arrows show the spin
textures of the surface states. Common parameters are m = 2.5 and
t = t3 = t
′ = 1. (b) t′3 = δ = 0. Two open Fermi arcs connect the
projections of bulk Fermi surfaces tangentially. (c) t′3 = 0.6, δ = 0.
A Fermi loop coexists with two Fermi arcs. (d) t′3 = 0.6, δ = 0.2.
The red solid lines are Fermi arcs on the x = 0 surface, and the red
dashed lines are Fermi arcs and Fermi loop on the x = L surface.
conducting Dirac semimetals hosts 1D propagating Majorana
modes[63, 66]. There the vortex line is terminated at the
z-normal surfaces without any Fermi arc or loop. In this
work, we consider pi-flux vortex lines along the x direction
and explore the consequence of Fermi arcs and loops on the
x-normal surfaces.
When the TRI Dirac and Weyl semimetals become su-
perconducting and vortex lines are generated along the x
direction by an external magnetic field, the system is de-
scribed by H = 12
∑
r,r′ Ψ
†
rHBdG(r, r
′)Ψr′ , with the basis
Ψ†r = (c
†
1,↑,r, c
†
2,↑,r, c
†
1,↓,r, c
†
2,↓,r, c1,↑,r, c2,↑,r, c1,↓,r, c2,↓,r)
and the real-space Bogoliubov-de Gennes (BdG) Hamiltonian
HBdG(r, r
′) =
(
Hr,r′ ∆r,r′
∆†r′,r −HTr′,r
)
, (3)
where Hr,r′ = H0;r,r′ + Vz;r,r′ − µr,r′ with H0;r,r′
being the Fourier transformation of H0(k) in Eq.(1),
Vz;r,r′ =
1
2gµBBsxδr,r′ ≡ Vzsxδr,r′ represents the vortex-
generation-associated Zeeman field whose impact depends
on both the magnetic field B and the material-dependent g
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FIG. 2. The evolution of vortex bound states (only the lowest few
states are shown) with respect to doping level µ. Common parame-
ters are m = 2.5, t = t3 = t′ = t′3 = 1, Vz = 0, δ = 0, ∆0 = 0.5,
ξ = 4, Ly = Lz = 20. (a) Vortex bound states at kx = 0. There is
a crossing at µc = 0.4, where the Z2 invariant (blue line) also jumps
and indicates that a vortex phase transition takes place. (b)(c)(d) The
dispersions of vortex bound states at different values of µ. The bound
states at kx = pi remains gapped with the increase of µ, while the
bound states at kx = 0 undergoes a gap closure at µc.
factor[65], and µr,r′ = µδr,r′ is the chemical potential; δr,r′
is the Kronecker symbol; ∆r,r′ is the superconducting order
parameter. Similarly to Refs.[63, 66], here we consider a spin-
singlet s-wave pairing, i.e., ∆r,r′ = −i∆(r)syδr,r′ , which
fully gaps the bulk states when the Zeeman field is smaller
than its amplitude. To model a vortex line in the x direc-
tion, we assume ∆(r) = ∆0 tanh(
√
y2 + z2/ξ)eiθ where
θ = arctan(y/z) and ξ is the coherence length. The vor-
tex line breaks the translational symmetry in the yz plane and
the time-reversal symmetry, therefore, the 3D superconduct-
ing system can be viewed as a 1D superconductor whose unit
cell contains all lattice sites in the yz plane. Accordingly, the
system belongs to the class D of the Atland-Zirnbauer clas-
sification and is characterized by a Z2 invariant if its energy
spectrum is fully-gapped[67, 68]. The Z2 invariant is given
by[65, 69, 70]
ν = sgn(Pf(A(kx = 0))) · sgn(Pf(A(kx = pi))), (4)
where A(kx) denotes the BdG Hamiltonian in the Majorana
representation i.e., H = i
∑
kx
γkxA(kx)γ−kx with γkx de-
noting the Majorana basis[65], and Pf(A(kx)) denotes the
Pfaffian of the antisymmetric matrixA(kx). The sign function
sgn(x) = 1(−1) for x > (<)0. And ν = −1/1 corresponds
to a topological/trivial vortex line with/without robust MZMs
appearing at its ends.
Let us first focus on the superconducting Dirac semimetal
with finite t′3 terms and ignore the Zeeman splitting. Because
the band inversion is considered to occur at the Γ point and the
MZMs are related to the low-energy excitations of the normal
state, Eq.(4) implies that we can focus on kx = 0 as long
as the Fermi level is not doped too far away from the Dirac
0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 50 . 0
0 . 2
0 . 4
0 . 0 0 0 . 0 1 0 . 0 2 0 . 0 30 . 0 0
0 . 0 2
0 . 0 4 µ=0 µ=0 . 1 µ=0 . 2  
( a )
E g
V z 4 6 8 1 0 1 2 1 4- 0 . 4
0 . 0
0 . 4
L
E
( b )
x
0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 50 . 0
0 . 2
0 . 4
V
 µ=0 µ=0 . 1 µ=0 . 2  
z
E g
( c )
4 6 8 1 0 1 2 1 4- 0 . 4
0 . 0
0 . 4
E
L x
( d )
FIG. 3. (a)(c) The evolution of energy gap at kx = 0 with re-
spect to Zeeman field, the inset in (a) is an enlarged view of the
low-field regime. (b)(d) The energy spectra for a cubic sample with
open boundary condition in all three directions (only the eight ener-
gies closet to zero are shown). Common parameters are m = 2.5,
t = t3 = t
′ = 1, δ = 0, ∆0 = 0.5, ξ = 4. Ly = Lz = 20 in (a)(c),
Ly = Lz = 8 in (b)(d), t′3 = 1 in (a)(b), t′3 = 0 in (c)(d), µ = 0 and
Vz = 0.2 in (b)(d).
points. In Fig.2, we present the numerical results of the evo-
lution of the dispersions for vortex bound states and the Z2
invariant under the variation of µ, i.e., the doping level (only
µ > 0 is shown as the result is found to be symmetric about
µ = 0). For clarity, we have only shown eight bound states
closest to zero energy. The results reveal that the vortex line is
full-gapped except at µc where a vortex phase transition takes
place. Similarly to superconducting TIs[31], we find ν = −1
when the doping is below a critical level, signaling the real-
ization of 1D topological superconductivity on the vortex line.
In this regime, each end of the vortex line binds one MZM. In
spite of the similarity in the topological phase diagram, there
are profound distinctions between the vortex lines of super-
conducting Dirac semimetals and those of superconducting
TIs. One is that the pi-Berry phase developed to explain the
vortex phase transition for the latter[31] does not apply to the
former[65], owing to their fundamental differences in normal
states. Moreover, as will be shown below, the effect of Zee-
man field to the vortex lines is completely different for these
two classes of systems.
Keeping the finite value of t′3, Fig.3(a) shows how the en-
ergy gap of the vortex line at kx = 0 (denoted by Eg) evolves
with the Zeeman field for µ = 0, 0.1, 0.2. It is readily found
that Eg first decreases and gets closed twice at two very small
and close Vz (see the inset of Fig.3(a)) and then increases lin-
early to values much greater than the zero-field value. Here
the double closures of Eg are simply because the lowest exci-
tation spectra of the vortex line are nearly doubly degenerate
4FIG. 4. (a) The topological phase diagram for the supercon-
ducting Weyl semimetal. (b) The effect of tilting of Dirac cones,
characterized by the η parameter, on the topological regime of the
vortex line. Common parameters in (a) and (b) are m = 2.5,
t = t3 = t
′ = t′3 = 1, ∆0 = 0.5, ξ = 4, Ly = Lz = 20.
(see Fig.2). Since ν changes its value for each closure and
reopening of Eg , ν returns its zero-field value after entering
the gap-linear-increase regime. Our numerical calculations of
ν confirm the above arguments. This fact reveals that the Zee-
man field can greatly enhance the topological gap protecting
MZMs in the weakly-doped regime. To further support this,
we diagonalize the Hamiltonian for a cubic geometry with
open boundary condition in all three directions. In Fig.3(b),
we present the eight energies closest to E = 0 for µ = 0
and Vz = 0.2 (ν = −1 for this case), their scalings with the
system size clearly reveal the existence of two MZMs.
Fig.3(c) shows the Eg-Vz dependence in the limit t′3 = 0.
In comparison to Fig.3(a), a qualitative difference appears in
the low-field regime. In Fig.3(c), the energy gap is vanishingly
small at Vz = 0, indicating the crucial role of the t′3 terms
in the realization of robust MZMs when the Zeeman field
is negligible. Remarkably, away from the low-field regime,
Figs.3(c) and (a) show little difference, revealing the impor-
tant fact that vortex-end MZMs can also be realized in Dirac
semimetals with only Fermi arcs (see Fig.3(d)). In sharp con-
trast, we find that the Zeeman field monotonically reduces the
topological gap of the vortex lines in superconducting TIs (see
details in SM[65]).
As the stability of MZMs does not need any crystal symme-
try, it is obvious that vortex-end MZMs can also be realized
when δ is finite but small. In Fig.4(a), we present the impact
of δ on µc. For simplicity, we only show the result for finite t′3
and Vz = 0[65]. The phase diagram suggests that increasing
δ, which increases the separation between Weyl points, de-
creases the topological regime but in a considerably smooth
way, indicating that vortex-end MZMs can also be realized in
many Weyl semimetals when they become superconducting.
The effect of tilting.— Dirac and Weyl semimetals have
commonly been divided into two classes, i.e. type-I and type-
II [71], in accordance with the extent of tilting of Dirac and
Weyl cones. To capture the effect of tilting, here we let the
so far ignored ε(k) term in Hamiltonian (1) take the form
ε(k) = ηt3(cos kz − cos k0), where ±k0 are the coordinates
of Dirac or Weyl points in the kz direction and η characterizes
the extent of tilting, with η < 1 and η > 1 corresponding
respectively to the type-I and type-II phase.
Since the tilting effects for the Dirac semimetal and the
Weyl semimetal are found to share qualitatively the same
picture, here we only present the results for the former and
present the results for the latter in the SM[65]. As shown in
Fig.4(b), the topological regime barely changes for η < 0.5
but it shrinks as η increases further. After entering into the
type-II phase, it is found to vanish quickly, suggesting that
type-II Dirac semimetals are less favored than type-I ones for
the realization of vortex-end MZMs.
Experimental consideration.— As superconductivity has
already been observed in quite a few TRI Dirac and Weyl
semimetals [72–88], our predictions are immediately testable
in experiment. A very promising class of platforms are
semimetal/superconductor hybrid structures, like the experi-
mentally studied Cd3As2/Nb[88]. As is known, Cd3As2 is
an ideal Dirac semimetal with the Fermi energy very close
to the two Dirac points[41], therefore, when it becomes su-
perconducting due to the proximity effect of the s-wave su-
perconductor Nb, the vortex lines terminating at the surfaces
with Fermi arcs are expected to host MZMs at their ends.
Furthermore, Dirac points close to Fermi energy have also
been observed in several iron-based superconductors[23], e.g.,
FeTexSe1−x and LiFe1−xCoAs. Our findings can also be
tested in these intrinsic superconductors by tuning the doping
level to be closer to the Dirac points.
Conclusion.— We have revealed that MZMs can be real-
ized at the ends of a pi-flux vortex line in superconducting TRI
Dirac and Weyl semimetals if the vortex line is terminated at
the surfaces with Fermi arcs or loops and the doping is lower
than a critical level, and remarkably, the Zeeman field can pro-
foundly enhance the stability of MZMs in these systems. We
have also shown that type-I Dirac and Weyl semimetals are in
general more favorable than type-II ones for the realization of
MZMs. Our findings offer a new perspective on the potential
applications of topological semimetals.
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